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Continuously controlled options and related first order backward SPDEs

We introduce a continuous time extension of swing options and Asian

options such that the holder selects dynamically a continuous time

process controlling the distribution of the payments (benefits) over

time. Some existence results and pricing rules are obtained in

Markovian and non-Markovian setting.

In Markovian setting, diffusion HJB equations are derived for

modifications of Asian and swing options. In non-Markovian setting,

a backward SPDE of a new type is derived for the swing options. This

part is based on joint work with Christian Bender from Saarland

University.
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Controlled options: definition and examples

Consider a risky asset with the price S(t), where t ∈ [0,T].

Dokuchaev (2010) introduced options with the payoff

Fu = Φ(u(·), S(·)). (1)

This payoff depends on a control process u(·) that is selected by an

option holder from a certain class of admissible controls U . The

mapping Φ : U × {S(·)} → R is given. The processes from U has to

be adapted to the current information flow (described by the filtration

Ft).

We call the corresponding options controlled options. Clearly, an

American option is a special case of controlled options.
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Controlled options: definition and examples

The case of adapted weights

Consider a risky asset with the price S(t). Let T > 0 be given, and let

g : R→ R and f : R× [0,T]→ R be some functions. Consider an

option with the payoff at time T

Fu = g
(∫ T

0
u(t)f (S(t), t)dt

)
. (2)

Here u(t) is the control process selected by the option holder such that

∫ T

0
u(t)dt = 1.
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Some examples

Possible selection of f and g. includes (x−K)+, (K− x)+, min(M, x),

etc. This functions cover Asian options and limit version of swing

options, where the distribution of the exercise times is continuous.
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Some examples

Asian option with non-adapted normalized weight

A new modification of Asian options is an option with the payoff

(Dokuchaev(2010))

Fu = g
(∫ T

0
v(t)f (S(t), t)dt

)
, (3)

where g(x) and f (x, t) are given functions, the process v(t) is such that

v(t) =
u(t)∫ T

0 u(s)ds
, (4)

where the process u(t) is adapted to the filtration Ft describing the

flow of the available information, u(t) ∈ [d0, d1], d0 ≥ 0.

The process v(t) is not adapted, and∫ T

0
v(t)dt = 1.
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Some examples

Asian option with non-adapted normalized weight

In the case when d0 = 0, the payoff for u ≡ 0 can be set by different

ways. For example, it can be defined as Fu = g
(

1
T

∫ T
0 S(t)dt

)
, i.e., as

the limit of the payoffs with u(t) ≡ ε as ε→ 0.
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Some examples

Asian option with non-adapted normalized weight

Economic justification: Consider, for instance, a customer who

consumes time variable and random quantity u(t) of energy per time

period (t, t + dt), with the price S(t) for a unit. The cumulated number

of units consumed up to time T is ū =
∫ T

0 u(t)dt; it is unknown at

times t < T . To hedge against the price rise, one used to purchase

Asian call options with the payoff (S̄− K)+, where

S̄ = T−1
∫ T

0 S(t)dt. However, for tax purposes in Australia, the

average price of energy for a particular customer has to be calculated

as S̄u = ū−1
∫ T

0 u(t)S(t)dt rather than S̄. Remind that ū is random and

unknown.
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The unimprovable price

We will use the price similar to the price based on the replicability.

Since the regularity of our problems is insufficient for the classical

replicability, we suggest the following new definition.

Let us consider a controlled option with the payoff Fu.

Definition

The unimprovable price of an option is the price c such that

The option writer cannot fulfill option obligations at terminal

time T using the wealth raised from the initial wealth X(0) < c

with self-financing strategies.

A rational option buyer would’t buy an option for a higher price

than c; she could rather superreplicate the payoff with some

self-financing trading strategy.
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The unimprovable price

Theorem

The unimprovable price cF of an option with the payoff Fu is

cF = e−rT sup
u∈U

E∗Fu.
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Pricing of options with adapted weight

Consider an option with the payoff

Fu = g
(∫ T

0
u(t)f (S(t), t)dt

)
, (5)

where f (x, t) : (0,+∞)× [0,T]→ R and g(x) : (0,+∞)→ R are

given continuous non-negative functions; the function g(x) is

non-decreasing.
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Pricing of options with adapted weight

Let U be the class of processes u(t) consisting of the processes that

are adapted to the filtration Ft and such that

u(t) ∈ [d0, d1], (6)

where 0 ≤ d0 < d1 < +∞.

We consider the class U1 of admissible processes u(t) consisting of

the processes u ∈ U such that∫ T

0
u(t)dt = 1. (7)
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Pricing of options with adapted weight

Theorem

(Dokuchaev (2010)). Assume that the function g is concave on

(0,+∞). In this case, an optimal control exists in U1.
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Pricing of options with adapted weight

Pricing via dynamic programming

It follows from the definitions that the price cF for this option can be

found via solution of optimal stopping problem. For the

Black-Scholes market model, this problem can be written as

Maximize E∗g(x(τ)) over u(·) ∈ U ,

subject to dx(t) = u(t)f (S(t), t)dt,

dy(t) = u(t)dt,

dS(t) = rS(t)dt + σS(t)dw∗(t), (8)

where τ = T ∧ inf{t ∈ [0,T] : y(t) ≥ 1}. In this case,

cF = e−rT supu(·)∈U E∗g(x(τ)) given that

x(0) = 0, y(0) = 0, S(0) = S0.
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Pricing of options with adapted weight

Pricing via dynamic programming

Alternatively, the price cF for this option can be found via solution of

optimal stochastic control problem

Maximize E∗g(x(T)) over u(·) ∈ U ,

subject to dx(t) = I{y(t)<1}u(t)f (S(t), t)dt,

dy(t) = u(t)dt,

dS(t) = rS(t)dt + σS(t)dw∗(t). (9)

In this case, cF = e−rT supu(·)∈U E∗g(x(T)) given that

x(0) = 0, y(0) = 0, S(0) = S0.
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Pricing of options with adapted weight

Pricing via dynamic programming

Let fε(u, x, y, s) and gε be smooth approximations for uI{y<1}f (x, t)

and g.

Consider the stochastic control following problem:

Maximize E∗gε(x(T)) over u(·) ∈ U ,

subject to dx(t) = fε(y(t), u(t), S(t), t)dt,

dy(t) = u(t)dt,

dS(t) = rS(t)dt + σS(t)dw∗(t). (10)

Consider the corresponding value function

Jε(x, y, s, t) ∆
= sup

u(·)∈U
E∗
{

gε (xε(T))
∣∣∣x(t) = x, y(t) = y, S(t) = s

}
. (11)
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Pricing of options with adapted weight

Pricing via dynamic programming

Theorem

(Dokuchaev (2010))The unimprovable option price can be found

as

cF = lim
ε→0

e−rTJε(0, 0, S(0), 0). (12)

The value function J = Jε satisfies the Bellman equation

Jt + max
u∈[d0,d1]

{J′xfε + J′yu}+ J′srs + 1
2 J′′ssσ

2s2 = 0,

J(x, y, s,T) = gε(x). (13)

The Bellman equation has a unique solution.



Continuously controlled options and related first order backward SPDEs

Pricing of options with adapted weight

Case of linear g

The dimension of the Bellman equation can be reduced for the case

when g(x) ≡ x. In this case, the option price cF can be found via

solution of optimal stopping problem

Maximize E∗
∫ τ

0
u(t)f (S(t), t)dt, over u(·) ∈ U ,

subject to dy(t) = u(t)dt,

dS(t) = rS(t)dt + σS(t)dw∗(t), (14)

where τ = T ∧ inf{t ∈ [0,T] : y(t) ≥ 1}. In this case,

cF = e−rT supu(·)∈U E∗
∫ τ

0 u(t)f (S(t), )dt given that

y(0) = 0, S(0) = S0.
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Pricing for non-adapted normalized weight v(t)

Consider an option with payoff

Fu = g
(∫ T

0
v(t)f (S(t), t)dt

)
, (15)

process v(t) is such that ∫ T

0
v(t)dt = 1.

It is formed as

v(t) =
u(t)∫ T

0 u(s)ds
, (16)

Let gε(x, y) be a smooth approximation of g(x/y).
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Pricing for non-adapted normalized weight v(t)

Theorem

(Dokuchaev (2010)) The nonimprovable price can be found as

cF = lim
ε→0

e−rTJε(0, 0, S(0), 0). (17)

where Jε satisfies the Bellman equation

Jt + max
u∈[d0,d1]

{J′xfε + J′yhε}+ J′srs + 1
2 J′′ssσ

2s2 = 0,

J(x, y, s,T) = gε(x, y). (18)

The Bellman equation has a unique solution and holds a.e.
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Pricing for non-adapted normalized weight v(t)

Analog of Merton Theorem

Let

Fu =

∫ T

0
u(t)f (S(t), t)dt,

where f : (0,+∞)× [0,T]→ R is a given function such that

|f (x, t)| ≤ const (1 + |x|) and f (x, t) ≥ 0. Here u(t) is the control

process that is selected by the option holder. The set U1 of admissible

processes u(t) consists of the processes that are adapted to the current

information flow (or to the filtration, generated by S(t) and such that

u(t) ∈ [0,L],

∫ T

0
u(t)dt ≤ 1.

This option represents the limit version of multi-exercise swing

options.
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Pricing for non-adapted normalized weight v(t)

Analog of Merton Theorem

Theorem

Let f (S(t), t) = er(T−t)h(S(t)), where the function h(x) is convex and

non-linear in x > 0, and such that at least one of the following

conditions holds:

12(i) the function α−1h(αx) is non-decreasing in α ∈ (0, 1]; or

(ii) r = 0.

Then supu(·)∈U1
E∗Fu is achieved for the control process

û(t) =

L, t ≥ T − 1/L

0, t < T − 1/L,
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Pricing for non-adapted normalized weight v(t)

Analog of Merton Theorem

The price of the option is

e−rTE∗
∫ T

0
û(t)f (S(t), t)dt =

e−rT

L
E∗
∫ T

T−1/L
f (S(t), t)dt.
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Swing options: non-Markovian setting and 1st order SPDEs

Let X(t) be a current payoff process: a random RCLL process (right

continuous with left limits) process, X(t) ≥ 0 a.s. and that

E supt∈[0,T] X(t)2 < +∞. For example, we may consider

X(t) = (K − S(t))+, where S(t) is the energy price.

Let Ft be the filtration generated by X(t).

Let U(t) be the set of processes u(s) : [t,T]× Ω→ R adapted to Ft

and such that u(s) ∈ [0,L]. Let U(t, y) be the set of processes

u(·) ∈ U(t) such that
∫ T

t u(s)ds ≤ 1− y a.s..

Consider an option with payoff

F(u, t) =

∫ T

t
u(s)X(s)ds, (19)
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Swing options: non-Markovian setting and 1st order SPDEs

Let y be a Ft-measurable random variable with values in [0, 1], and let

J(t, y) = ess sup
u∈U(t,y)

EtF(u, t), (20)

where Et = E{·|Ft} and t ∈ [0,T].

Theorem

For any (t, y) ∈ [0,T]× [0, 1], there exists optimal ut,y(·) ∈ U(t, y).
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Swing options: non-Markovian setting and 1st order SPDEs

Theorem

One sided derivatives D±y J(y, t) are defined and coincides a.e.

Theorem

(Dokuchaev and Bender (2013)). BSDE for J:

J(y, t) = LEt

∫ T

t
(D±y J(s, y) + X(s))+ds,

J(s, 1) = 0.

In particular,

J(T, y) = 0
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Swing options: non-Markovian setting and 1st order SPDEs

Theorem

For y ∈ [0, 1], t < T − (y− 1)/L, the control process u(s) = uy,t(s)

and the corresponding process y(s) = y +
∫ s

t u(r)dr are optimal if

and only if

u(s) = 0 if D−y J(s, y(s), ω) + X(s, ω) < 0

u(s) = L if D−y J(s, y(s), ω) + X(s, ω) > 0, (21)

up to equivalency in (t, ω).
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Swing options: non-Markovian setting and 1st order SPDEs
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