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Swing OptionSwing options are sold on deregulated ele
tri
ity (and other
ommodity) markets. These 
ontra
ts appear in various formsIn this talk, we 
onsider a spe
i�
 
ontra
t, a �exible load 
ontra
t,whi
h is a parti
ular version of a swing optionHolder has a right to buy a volume of ele
tri
ity over a time intervalAs an example, assume that the time horizon T of the 
ontra
t is 1year and the that it is possible to exer
ise every hour � that is, there is8760 possible exer
ise timesFurthermore, assume that the holder has 4380 exer
ise rightsGiven the high number of possible exer
ise times and exer
ise rights,we model the multiple strike option as a 
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The ModelTo propose a model, assume that (Ω,F ,F,P) is a 
ompleteprobability spa
eWe assume that the pri
e of ele
tri
ity evolves a

ording to thestrongly unique solution of the It� equationdPt = µ(t,Pt)dt + σ(t,Pt)dWtwith P0 = p, where the fun
tions µ and σ are su�
iently wellbehaving Lips
hitz-
ontinuous fun
tionsThe 
lass of admissible exer
ise poli
ies 
onsists of pro
essesZt = ∫ t0 usds,where u is progressively F-measurable and satis�es the 
onstraintsus ∈ [0, ū] for all s ∈ [0,T ] and ZT ≤ M for some M > 0Jukka Lempa (CMA, UiO) Swing Option on Ele
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The ModelThe optimization problem: Find the admissible exer
ise rate u∗ whi
hgives V (t,Zt ,Pt) = supu∈U E



∫ Tt e−r(s−t)(Ps − K ) usds
︸︷︷︸

=dZs ∣∣∣∣Ft ,with the �nal value V (T ,ZT ,PT ) = 0. Here, r > 0 is the 
onstantrate of dis
ounting and K > 0 is the strike pri
e.By using It� formula to pro
ess t 7→ e−rt(Pt − K )Zt , the optimizationproblem 
an be rewritten asV (t,Zt ,Pt) = (K − Pt)Zt+supu∈U E [e−r(T−t)(PT − K )ZT +

∫ Tt e−r(s−t)θ(s,Ps)Zsds∣∣∣∣Ft] ,where θ(s,Ps) = r(Ps − K )− µ(s,Ps)Jukka Lempa (CMA, UiO) Swing Option on Ele
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Some Properties of the ModelConsider �rst the limiting 
ase M ≥ ūT , that is, the 
ase when thereis no e�e
tive total volume 
onstraintIn this 
ase, the optimal exer
ise rate isu∗t =

{ū, Pt > K ,0, Pt ≤ K ,for all t ∈ [0,T ]Moreover, the marginal value Vz ≡ 0 (marginal lost option value)In other words, optimal exer
ise does not depend on the 
urrent stateof ZWhen M < ūT , this should not be the 
aseJukka Lempa (CMA, UiO) Swing Option on Ele
tri
ity Market O
tober 7th, 2010 5 / 12
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Some Properties of the ModelConsider now the 
ase M < ūT , that is, the 
ase when there is ane�e
tive total volume 
onstraintIn this 
ase, it 
an be shown that the marginal value Vz < 0 (theoption loses value when used)The result is proved by studying the di�eren
e quotientlim
ε→0 V (t,Zt + ε,Pt)− V (t,Zt ,Pt)

εSo the optimal exer
ise depends on the 
urrent state of ZMoreover, it 
an be proved that the value V is 
on
ave in zIn other words, the marginal lost option value is larger 
lose to the
onstraint M than away from itWhat about the optimal exer
ise?Jukka Lempa (CMA, UiO) Swing Option on Ele
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Optimal Exer
ise: Ne
essary ConditionsBellman prin
iple: the optimal value V should satisfyV (t,Zt ,Pt) =supu∈U E [∫ wt e−r(s−t)(Ps − K )usds + e−r(w−t)V (w ,Zw ,Pw )∣∣∣∣Ft]By a standard argument (that is, by assuming that V is smoothenough and using It� formula to the pro
ess t 7→ e−rtV (t,Zt ,Pt)),this gives rise to the HJB-equationVt(t, z , p) + 12σ2(t, p)Vpp(t, z , p) + µ(t, p)Vp(t, z , p)
− rV (t, z , p) + supu {u(t)(p − K + Vz(t, z , p))} = 0,where u varies over the set of non-de
reasing fun
tions de�ned on

[0,T ] satisfying the 
onditions 0 ≤ u(t) ≤ ū and ∫ T0 u(t)dt ≤ MJukka Lempa (CMA, UiO) Swing Option on Ele
tri
ity Market O
tober 7th, 2010 7 / 12
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Optimal Exer
ise: Ne
essary ConditionsConsider the term supu {u(t)(p − K + Vz(t, z , p))}Sin
e u is non-negative, we observe that the supremum is given byût = {ū, Pt − K > −Vz(t,Zt ,Pt),0, Pt − K ≤ −Vz(t,Zt ,Pt),Interpretation: Exer
ise the option when ever the instantaneousexer
ise payo� dominates the marginal lost option valueWe re
all that when M ≥ ūT , then Vz ≡ 0 � we �nd that the sameinterpretation holds also in this limiting 
aseIt is also possible to prove a veri�
ation result, i.e. to pin down a set ofsu�
ient 
onditions for a given fun
tion to 
oin
ide with the value VJukka Lempa (CMA, UiO) Swing Option on Ele
tri
ity Market O
tober 7th, 2010 8 / 12
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all that when M ≥ ūT , then Vz ≡ 0 � we �nd that the sameinterpretation holds also in this limiting 
aseIt is also possible to prove a veri�
ation result, i.e. to pin down a set ofsu�
ient 
onditions for a given fun
tion to 
oin
ide with the value VJukka Lempa (CMA, UiO) Swing Option on Ele
tri
ity Market O
tober 7th, 2010 8 / 12



Optimal Exer
ise: Ne
essary ConditionsConsider the term supu {u(t)(p − K + Vz(t, z , p))}Sin
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all that when M ≥ ūT , then Vz ≡ 0 � we �nd that the sameinterpretation holds also in this limiting 
aseIt is also possible to prove a veri�
ation result, i.e. to pin down a set ofsu�
ient 
onditions for a given fun
tion to 
oin
ide with the value VJukka Lempa (CMA, UiO) Swing Option on Ele
tri
ity Market O
tober 7th, 2010 8 / 12



Optimal Exer
ise: Ne
essary ConditionsConsider the term supu {u(t)(p − K + Vz(t, z , p))}Sin
e u is non-negative, we observe that the supremum is given byût = {ū, Pt − K > −Vz(t,Zt ,Pt),0, Pt − K ≤ −Vz(t,Zt ,Pt),Interpretation: Exer
ise the option when ever the instantaneousexer
ise payo� dominates the marginal lost option valueWe re
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Numeri
al solution of the HJB-equationWe studied the model numeri
ally using a �rst order ba
kward timestepping s
hemeThe grid was set to be uniform in t- and z-dire
tion and, having meanreverting pri
es in mind, adaptive in p-dire
tionThe s
heme is both stable and 
onsistent under the 
onditionū∆t ≤ ∆z � this is due to the lo
al growth 
onstraint on ZFor illustration, 
onsider the 
ase when pri
es are given by thegeometri
 Ornstein-Uhlenbe
k pro
essPt = exp(Xt) , dXt = κ(µ − Xt)dt + σdWtFix the parameter 
on�guration µ = ln 40, r = 0, σ = 5, κ = 1,T = 1, M = 0.5, ū = 1 and K = 0Jukka Lempa (CMA, UiO) Swing Option on Ele
tri
ity Market O
tober 7th, 2010 9 / 12
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